MAOHMATIKA

KATEYOYNXHX
2015

EKO®QNHEIEIZ <::>
OEMA A <:%
Al éé%ﬁb

Eoto (o suvdptnon f, m omola eivatl opiopEvn o€ €V 1616'dtdotnpa [a, B].

Avn
o f eivon cuveyng oto [a, f] ko %
o fl@)#f(p),

1ot Vo amodeiete OTL Yo KABe apOud N pe v f(a) xou f(f) vmapyet Evag

TOLVAMIYIGTOV Xg € (a, f), TETo10G dote f(xo)

Movaosg 7

A2. ’Eoto o cvvaptnon f kat xo éva onueio tov mediov optopot . [Tote Ba Aépe 011

n f elval cuveyng oto Xo;
Movaoes 4
51LOV ote Népe 0tin f mopovoidlel oto

% Movadeg 4
0AOVBOVV, YPAPOVTAG OTO TETPAOID GO,

¢ TpoTaon, ™ AéEN XweTd, av 1 tpdTacn

A3. ’Eoto po cuvdpmon f ue L
Xo € A TOTIKO EAIYIOTO;

Ad4. No yopokmpicete Tig o
dimha oto ypdppo mo { 5%

TAvVToTE OTLfO'g = g Of.
B) H dwvvc tva, ™G dopepds Tov pyadkov o + fi ko y + di eivon M
Stawopd% OUOTIKOV OKTIVOV TOVG.

v) T kebg x 1oyveL OTL (GUVX) = NuX.
0) Ec vveXNC cvvdptnon o éva dtbotnua [a, 1. Av oyvel 6t f(x) > 0 yia
KO

f
[a, £] ka1 M cvvaptnon f Oev elvar TavTod undév oto drdoTna aVTo,
T f(x)dx>0.

. 1
im f(x)=0 xou f(x)>0 kovid 610 X0, TOTE lim o) - 4o,
X‘)Xo X‘)Xo x
AB

Oempovpe TOVG PIYad1KOVS aplOUoVEC Z Y10 TOVG OTOTOVE IGYVEL:

Movaoeg 10

lL—4]=2z-1|.
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B1l. No anodeiéete 0T1 0 YEOUETPIKOC TOTOG TV EIKOVOV QVTMOV TOV HYUdIKOV aplOpdV Z
etvan KOKAOG e KEVTPO TV apyn TV aEOvVev Kat akTtiva p = 2.

Movaosg 7
, 2z, 2z, , , , , ,
B2. 'Eoto w=—"+—= 0mov zi, 22 600 pryadwoi apdpoi tov epw Bl.
2y 4
Noa amodeiéete Ot
a) O w elval TpaypaTikoc Kot
(novadec 4)
B) 4<w<4.
(novadec 7)

Movaoeg 11

B3. Av w=-4,06mov w eivat o pryadikoc apiué tuatog B2, va Ppeite
OYECT IOV GLVOEEL TOVG UIYAdKOVG apBUOVG 2y, 22 va arodeiete Ot TO TPiy®VO
ABT pe kopuég TG eikoveg A(z1), B(z2), 1(z SIKDOV aplOUdV z1, 22 KO Z3, LUE

73 = 21 21, €lvol 1GOGKEAEC.
Movaodeg 7

OEMA T @ ?
Atveton n ovvaptnon f(x) = 26 , X :

x +1
I'l.  Noa peremoete mv f o @ voroﬂx& amodeiEete OTL TO GUVOAO TIUMV

¢ etvau 10 dSdoua (0, +
Movaodeg 6

I'2.  No anodeiéete 011

EYEL OTO wvo%yvuom

I'3. No anodeitgre 6

[ r@ar<2x @)
Y K6 .
Movaoss 4
r4. A N éuvaptnon
lfxf(t) di, x>0

gx)=1x

Movaoes 8

2 x=0

a amodeilete OTL M cvvdptnon g elval yvnoing avéovoa oto [0, +0).
Movaosg 7
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OEMA A

‘Ecto n mapayoyicyun cvvaptnon f: R — R ya v onoia 1oyvovv:

o f(x)- [ef(x) +e*f(xq =2 yia k6B xR xon

Al.  No omodeitete 611 f(x) = En(x+\/x2 +1), xeR.

= 0. Q@

Movaoseg S

A2. a) No Bpeite 1o Stoompoto oto omoio M vadprnc&m KLUPTN N KOiAN Kot va

TPOGOI0PIGETE TO ONLEID KAUTNG TG YPOPIKNG IoTOONG TG f-
(novadec 3)
B) Na vmoloyicete 10 euPadov tov Ywpiol/ mov~TepkAeietal amd TN YPOPIKY
TOPACTOCT) TNG cLVAPTNONG f, TNV €LbEl X /b T1c evbeteg x =0 won x=1.
(novadec 4)
Movaosg 7
A3.  No vroloyicete to Op10:
lim{ eI‘) jén|f(%
x—0*"
%7 Movadeg 6
A4.  No amodeiéete 0111 e€lomon \
1@%2)@ @xﬂ(ndt
=0
x23 0 (o, x-2
gxel pia tovhdysrov pilevoto (2, 3).
Movaosg 7
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AITANTHXEIX

OEMA A

Al.  Oczwpia, cerida 194 oyorucov BifAiov.

A2. Oceowpiao, oeiida 188 oyoiucov BifAiov.

A3. Bceowpia, oerida 259 oyoiucov BifAiov.

Ad. o) > A, B)— 2, v) — A, d) — 2%, €)

&

Bl. 'Eoctoz=x+yi,x,y € R. Tote and 11 60GUEVN GYEG TPOKVATEL
‘(x—4)+yi‘:2‘(x—1)+yi‘<:>(x—4)2+y2:4 %{1@
<:>x2—8x+16+y2:4(x2—2x+1+y2)<:>

3xX°+3y° =12 x* +y” =27,
Anhodn TpoxTTEL KUKAOG LLE KEVTPO TNV, ] aéovev kat aktiva p = 2.

(B” Tpomog) Exovpe dra00y1kd:

e-d=2 ooz =2 - f o () (2-4) 2
©zz-4z-4z+16=4-(z:2-z- 241 +16/5 42
Sl=2 %

YUVETDG O YEMUETPIKOG TOTOG TOV EWOVOV TV

aovav ko aktiva p = 2.
B2. o) Oweivan npa\K VKO e

[Ipaypott

2z, _ 2%

P ———=
2 2 % 42 4%

—2 — = 2 = =
@Zé\z,\@Jrzz 0L =01y, e

)% +(Z222)Z1 "2, :(ZIEI)ZI "2 +(Z222)Z2 4 &
2L 2 _ 2 _ 2 _
'Zl'Z2+|Z2| 'Zl'Z2:|Z1| 'Zl'Z2+|Z2| R
47, -z, +4z,2, =4z,-7, +42,7, © 0=0, ainbéc.
@pa w=wxuweR.
prel va ogi&oupe 6Tt |w| <4.
[Ipdyport:

=y

<4 &
, %

H tehevtaia 1oydetl 016t
2 2 2 2 2 2 2 2 2 2 2 2 2 2
‘zl +z, ‘S‘zl ‘Jr‘zz ‘@‘zl +z, ‘S|zl| +|z2| <:>‘z1 +2z, ‘SZ +2 <:>‘z1 +2z, ‘SS.

2 2
7 Tz,
Zl : Zz

24, 2%

<4 s2<:>‘z12+z22‘£2|z1|'|z2|<:>‘le+222‘58-
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B3. Avw =4 givan

2z, 2z 2 2
s Ao A4 =280+, =222, & (5 +2,) =0

4 3 O

An6 ™ oxéon (z,+2,) =0 mPoKUTTEL 2, +2, =0 &> 7, = —2,.

|2, 2| =[2iz, — 2| = |z |-[2i ~ 1| = 2-]-1+ 21| = 25 . @
|2, 2| =[2iz, + 2| = |z | |2i +1]= 25

IMpoxbmret |z, — 2| =]z, — z,| < (AT) =(BI).

Apa 10 Tpiywvo ABI eival icookelés. & Z
OEMAT ii

xf 2 o 3
r. Eva f(x)=-- (1) 2x e (a1

> = , X .
(x +1) (f@)ﬂ\?
[Tpoxvrntet 0 endpevog mivakag petaffordv yioeimyv f.

) ) e )
( 1 . .
’
x o1z (ex)' x 12 (ex) x

4 . e . . e . . e
] =lim ——=1Ilim ——~-=lim — = lim —=—= lim — =+o0.
x40 x“ 4] x40 (x2 + 1)’ x—>+0 ) x DLH x—>+0 (2x)’ x40 )

Apa 10 cuvoho TV ¢ f givai to (0, + ).
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I'2.  H doopévn e&iowon ypaeetat:
7 (eH ,(x2 +1)) = £(2). Onogn f oc yweing avéovea eivar kot 1- 1. Apo

3 X 3 3
15080vapa ypaostat e - (x* +1 :2<:>e—: ¢ < fx :e—. Ty ¢
Mo YpGp (" +1) Rt A i =

AVIKEL GTO GUVOAO TIAV TG f, N omoia eivot Ko yvnoimg ou’)ﬁoc VILAPYEL
3

povadko x, € R dote f(x,)= %. Anhadn, 1 Soopévn s Exet oxpBaC pio

pila.
I'3. Oswpolpe ™ cvvaptnon: &

h(x):;i.f(t)dt, xe(0,+oo), LE h'(x): f(x)

H oyton ff(z)dt <2x f (4x) pe x>0, ypo
jf(t)dt+ff(z)dt<2xf(4x)c>ff ff(z)dz<2xf(4x)c>
h(4x)—h(2x)
> ) (). ) @ ?
Opog Yo v h 1oxvet 10 O. @ﬁmdpx& & €(2x,4x) dote
h(4x)—h(2x) o, h
4x—2x =h ((:)

4. H g eivai ovvem
INo kdaOe g%

r+] Y F (e _‘L " r(de + ) Y r @) h2x)+ h4x)

g(x)= -
X X X
, % . h(4x)—h(2x) (®) . 4h’'(4x)-2h'(2x)
ol x)=lim————==1Iim o =
x>0 x—0 x—0 X

X
(4x)-2f (2x))=4£(0)-2f(0)=4-2=2.

eov M f etvor cvveyng oto x, =0).

Apamn g eivan cvveyng oto 0.
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I'a k6be x € (0,+00) eivar:

g,(x):{h(u);h(zx)j' :(h(jx)j'_(h(ix)j' . %
(h(4x)) -x—h(42) ) (h(2x)) -x—h(2x)-x i @

- 2 2
X X

:4f(4x)-x—h(4x)—2f(2x)-x+h(2x) Q
[2xf (4x)-2xf ( 2;}+2xf (4x)—[ h(4x)—h( 2x% N

2xf
BWCOSICN @
X
Ouwg 4x >2x wou fyvnoing ow&ovcoc x)> f(2x) < f(4x)-f(2x)>0
Kat Adym tov 'z etvan 2xf 4x) dt > 0.

Apa g ( >0 yio x0Be x e 0 % € (%\ !% ocuvéyewg oto 0), n g elvat

yvnoing avgovsa 6to[0,+wo Q
OEMA A % Q
Al. Twkédbe xeR ¢ &
) =24

f0)-e O+ f/x)-e e M) =(2x)
el - e% c,ceR.
Mo x= @e Ve O =¢ xouenedn f£(0)=0, npoxvmrel ¢ = 0.

Apa, e/ D= /W =2x e’V - ——=2x &
e

f)

™ _ x ovveyng oto R, mpokvmret 0t e/ — x Sarnpei tpdonpo oto

Onmg JdO_0=1>0.
Apa e’ —x=+/x"+1, yaxdfexeR <

Teyvucn Eneéepyacio: Keystone 7



& el :x+«/x2+1, Yo kafe xe R &

<:>f(x):1n(x+\/x2+1), yio ki xR .

A2.  a) Eivau f'(x)Z(ln(x+\/x2+1)) = @
1 ( 2x j Q
x++/x?+1 24X +1 &
1 JxP+l+x 1
= . - ,XER
x+\/x2+1 \/x2+1 \/x2+1 %
Ko f"(x): _2x _ —X ’

2Vxt+1-(x2+1) (27 +1)
M

LoV
X o0 +00

Pl N+ O =
=l VAN

TPOKVTTEL OTL T f siva@%ﬁ oT
ONUEID KOUTNG GTO GNEL
ek

Amo Tov TopoKATe TivaKae TPOos

o

B) Eivor x— f(x) Oe x “Hpbyparu
(o’ TpomOCg):
Oewpolile ] cvvaptnon f(x) oto [0, 1]. H g elvar mapaymyiocun oto
[0, 1] pe

% 1 \/x2+1—1
[} ~ ':1_ ' :1_ = ZOV 0,1 s
g'(x)F(x S'(x) ) (211 xel0.1]

a g'(x)=0 va oxdet povov yu x = 0.

n g eivar yvnoing avéovca oto [0, 1].
5.8 ()2 g(0) V x € [0, 1]. Opag g (0) =0 - £(0) =0.
>0V xel0, 1], 4pa x—f(x) >0V x e [0, 1].

H avicomta x— f(x) >0 y1o xdbe x € [0, 1].pumopel va amoderydel ko ¢ eEng:

Enedn f(0)=0, f'(0)=1, n epamtopevn me Cr o10 [0,+ ) éxet eicoon
y—f(0)=f'(0)-(x-0) = y=x.

H f opog eivar kol oto [0,+%), apa n Cr Ppicketar “kot0” and v
gpamtopévn mg y=x oto O (0, 0) yia 1o Sbotnpa [0,+%2), apa kon to [0,1].
‘Etot f(x) <x yw xe [0,1]<:>x—f(x) >0 yio x € [0,1].
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Eror sivan E = [ (x— f(0)dx = [ xdv— [ fx)dx=

= J'ledx—J'Olln(er\/x2 +1)dx ey

Etvon
IS BN
L J-OX X = 7 = E—O —E.
0
° J-Olln(er x2+1)dx:I;x'-

OTE(’)TS n (1) ypaoperat:

E:%—(ln(1+\/§)—\/§+1):

E-n(143) L @

1

A3.  Emetdf f'(x)=

2
X

TOTE }Lrgl (1n|f(x)|)
Etvatl lim

Keﬁ‘
Ty

Apa lim

x—0"

- f(x)-1n f(x)

OO

1

ej; foda
S

1

>7:p0
Omote yuu x> 0 = f(x) > =0, evy

im (lf (

O+

x))

u lim (u-Inu)

'f(X)-lnf(X)]O-

——In(1
2

(

5

f(x) =

Inu

=lim — = lim
0" 1 LH n50* 1

u

lim

x—0"

[S—Y

u

u

'msti%)//f 1 oto R.

[1n(x+m)}:o.

2

=—Ilmu=0.
n—0"
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A4.  H doopévn e&iomon ypaeetat:

v2) 13 ] () o e3) 83 7 %
( 2>[1 3 (xd;)(x(;)(g 3N <>dj0,xe(2,

O
Oempodpe ) ovvapmon g (x)=(x— 2)(1 —~ 312 f (tz) P 3)(8 — 31']‘2 (1) dtj ,

N omoia givon cuveyng oto [2, 3] pne
2 1
g(2)=-8+3[f(t)ar xa g(3)= 13J'f(t2)d%
0 0
Ounwg oto epdnuo A2 Exet amoderydel ot %w kd0e x > 0. Enedn etvan
2

kol fix) >0 ywokaBe x € R mpokdmret:

onoTE KO

8

Ifz(x)dx<jx2dx:§ Apa g(2)f

Sovenis g(2)g(3)<0 ku
g(x,) =0.,8nhadf1c0
(xz)(m@ .
4§§® (x-2)(x
61O 61§' Iuoa2; 3).
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