MAOHMATIKA

INPOXANATOAIXEMOY
2019

EK®QNHXEIX

OEMA A

Al. Eoto AcR.

a) Tt ovopdalovpe TpaylaTiky cuvapTnoT L TESID.
(Movéoeg 2)
B) i. Ilote o ovvapton f:4—> R § poon;
(Movada 1)
ii. Av 1oyvovv ot mpoHmobE (i), mog opiletn m avtioTpoen
ocuvaptnon mg f;
(Movdoeg 3)
Movadeg 6
A2. No dwrtvadoete 10 Osdpnye pA TO TOMIKA OKPOTATO LOG
GLVEPTNONC.
Movadec 4

K00 ecmtepkd orpet

A3. ’Ecto pw cvvapino % { NG og éva ddotua 4. Av f'(x) >0 oe
0A\0 10 4. E )
-

Movaodeg 5

A4. No xapm TIG TPOTAGELS TOV AKOAOLOOVV, YPAPOVTAS GTO TETPAOLO GG TO
0V Tolyel og kaBe mpdTacT Kat dimAa oTo ypdupa T AEEN ZmeTo, ov i
tvar cowot, 1 AdBog, av | Tpdtaon sivar AavBacpévn. Na artioroynoete
H6€1G 60C.
0 ol kGO cuvaptnon f, n onola eivarl mapaywyicn oto A =(—0,0) U (0,+0)
@ e f'(x)=0 yio k4be x € 4, 1oyder d6Tin [ eivor otabepn 610 A.
(Movéda 1 yia to v yapaktnpiopd Zmotd/Adbog
Movédeg 3 yio Tnv oautiohdynon)
[o kéBe ocvvapmon f: 4 —> R, 6tav vadpyet 1o 6po g f kabdg 10 X
1eivel 610 X, € 4, T0TE 0WTO TO OP1O 1W6OVTAL LE TNV TN TG f GTO Xo.
(Movéda 1 ya to v yapokpiopd Xmotd/Adbog
Movédeg 3 yio tnv oautiohdynon)
Movaoeg 8
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AS5.  Eoto m ovvéptnon f tov Sumhavod Ay
GYNMOTOC.
Av y1a ta gpPadd tov yopiov
Qy, Q ko Q3 woyveL 6t
E(Q)) = 2, E(Qy) = 1 v E(Q3) = 3,

5
TOTE TO J- f(x)dx eivan ico pe:
a

a

a) 6 B)—4 v) 4 0)0 g)2
Na ypdyete 610 TETPAOLO GOC TO YPALLLLO TTOL OV TN GMOTH ATAVINGT.
Movadeg 2

R

(x)e "+ A4, 6mov AeR, n omoia £xet

Aivetor n ovvapton f:R—>R pe tmo f
opovTio 0GVUTTOTN 6TO +0 TNV gubeia

B1. No anodeitete 6T1 4 =2. x ; ;
Movddec 3
)xovaStKﬁ pila, n omoio Ppioketal oto
Movadeg 7

B3. No amodeitete opvapTNON f.
mv avricrpo% vaoeg 4).

B4. ‘Eoto ¢

B2. No amodeifete 6T 1 e&lomon
dwotnua (2, 3).

1-1 (povadec 2) ka1 otn cvvéyela vo. Ppeite

Movadeg 6

Ng mopAoTacTng (LOVAdES 3) Kol GTI GUVEXELDL VO KOVETE Uid TPOYEPM
01PAOTACT TMOV GUVAPTACE®Y f Kol £ OTO 1810 GOOTILC CUVIETOYUEVOV

Movadec 9

/\TV

. , Cra, x>1
£T01 M Tapoy®yioun cuvaptnon f(x) =

e+ Bx, x<l.

I'lt. No anodeitete 611 =1 xor f=1.
Movadec 5
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I'2.  No amodsiEete 6L f givon yvnolog avéovoa oto R kot va Ppeite 10 cHVOLO TILOV

me.
Movaoeg 4

omoio eivat
OPVNTIK).

I'3. i. No amodeiete 011 1 e€lowon f(x)=0 éxer povadkn pila —xq;
(Movéoeg 4)
ii. No omodeifete 6T e€icmwon f7(x)—x, f(x) =0 sivatn oT0 (x0,+oo) )

& (Movédec 4 )
Movaodeg 8

I'4. "Eva onueio M(x, y) Kiveiton Kotd PinKog e Kougd =f(x), x=>1.
Tn ypovikn octrypn f Kotd Tnv omoia To omn EPpyetar amd to onueio 4(3, 10),
0 pvOUog petaPoAng TG TETUNUEVNG ov M eglvar 2 povadec ava
devteporento. Na Bpeite Tov puOuod pet v guPadod tov tprydvov M OK 1
YPOVIKN oTiyun fo, 6Tov K(x, 0) ko O(0, 0).

Movaodeg 8

OEMA A \@ ;i
Aivovtor m ouvvdptnon f:R —)@ TOMO /% l)ln(x2 —2x+ 2) +ax+ B onov
G

a,feR xorn evbela (g):y = 1 OTOi0-E TOl OTN YPAQIKN Tapdotacn g f
oto onueio e A(1, 1).

Al.  No omodeifete c’m& Kar =
Movadec 4
A2.  No Bpeite % TOV YOPiov m mepKAeieTal amd T YpAPIKn TapdoTacn g f,
%i %@

v gvbeia () K evbsleg x =1 xou x = 2.
Movadec 5

(Movéoeg 3)
noBsie“;are ot f(/1+%j+/1 Z(/i—l)ln(,12 _2,1+2)+%, T kébe e R.

(Movdodeg S)

Movadec 8
Na amodeifete OTL M yYpa@iK| mopdotacn Tng cuvvdptnong f Kol 1 YpoeKn

mapdotact g ovvapmone g(x)=-x'—x+2, xeR éovv povadiky Kown
€QATTOUEVN KoL va Bpeite TV eElomon Tng.

Movaodeg 8
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AITANTHXEIX

OEMA A
Al.  a. Opioudg, erida oyoikov Piiiov 15.

B. i. H ovvaptnon &xel aviiotpoen dtav eivon 1-1 csro
ii. Eivat m ovvdpmon g:f(4) >R pe mmv Qroicyio «dbe ye f(A)
avtiotolyiletal povadikd x € 4 Yy T0 0TOjQO"10Y (x)=y. H ovvdpton
ovth g supPorileton . i i
A2. Osodpnua Fermat, celida oyol. fipiiov 142.
A3.  Osdpnua, cerida oyoi. Pipiiov 135.
A4.  a. AdBog

-1, X
‘Eoto n ocuvdpmon f(x) = {

<0
I, v, > O}
[Tapatnpodpe oti, av xor f(x)=0, vy ae (- OWw) , evrovtolg | f dgv givat
otabepn 6o (—o0,0) U (0,+0). x %7
Ad. PB) Adboc.’Ecton f(x) @x B (())Q\

Eivaw lin(} f(x)Zlimx

" &@7
5

)

AS.
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®EMA B
Bl Ioypderém lim f(x)=2e lim (e +1)=20+1=2e 4=2.

B2. ’'Eoto ovvapnon g pe g(x)=f(x)—-x=e¢ " —x+2, x<[2,3].
H ovvdptmon g eivor cvveyng oto [2, 3], og amotéde JEEOV  GuVEY DV
GLVOPTNCEMV.

g2)=e?=242=¢">0

3 1 1-¢° g(2)-g(3)<0.
gB)=e " —3+2=—5-1=——<0
e e

And 10 Osdpnua Bolzano vmdpyer tovidyo x, €(2,3) této0 ®oTE
8(x) =0 f(x)=x,.

Eniong g'(x)=—e " —-1<0 yuo xé0e x e R.
Apa n g givatl yynoiong ebivovca 6to R dpor kot , OTOTE 1M X €lvat Lovadtkn Avon
oo R.

B3. f'(x)=—-e¢"<0. Apa 1 f eivor yvnoing edivovca oto R, omdte sivar 1-1, dpa

OVTIGTPEPETOL.
y=f(x)c>y=e"+2c>y—2=e—2)=——ln(y—2)<=>f1(y)=—h1(y—2), y>2
Apa f(x)=—In(x—2), x>2. x

veéc@u otav x 52" =>u—->0".

lim In(x—2)=—1lim Inu = +o0 dom

—2" u—0"

B4. Eivo 1i1121+ f(x)=-w,
1

Apa lim £~ (x)

x—2"

limlnuy =-co.
u—0"
Apon x = 2 eivay KoTtoKOPLuEN COUTTOTN THG YPUPIKTS TopdoTtaons Cr
N M
&V \~ L]
>
i ; y=x
y=2 §
-— ; T
1
5 <r
| x =12
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OEMAT
I't.  H f(x) elvon ovveyng oto x, =1 o¢ mopaywyicun.
Ondte lim f(x)=1lm f(x) 1+ pf=l+taa=p0
x—=1” x—1*

0
_ x-1 1 x-1 _1_ (0 X1
limM:ﬁme +px-1-a im & +px-1-p +B _
x—1" X —1 x—1" X —1 x—1" X —1 B

=p+1.

fO=fO) _ ¥ra-l-a . (x-1)-(x

lim

x—1" X —1 x—1" X —1 x—1" X —

Emedn n f eivon mopayoyiown oto 1, npénet [+ p=1,ono6te xan o =1.
r2. Tlwx>1, f'(x)=2x>0 (1)

y x<1, f'(x)=e"" +1>0 )

Kot f ouveyng oto 1. 3)

Amo (1), (2) xou (3) ovurepaivoope 6TL N 1yv

lim £(x)= lim (x* +1) = +o0

noing avéovoa oto R.

lim £(x) = lim (¢ +x) = o0

Apa f(R)=R.

povotoviag g /-

il. f7(x)—x,

[oyver #*

w0 k60 x >\, 6pan (1) 610 (x,,+%) €ivar 1wodvvaun pe Ty

f(x)=x,.

etvar advvatn oto (x0,+oo) 0Tt oY M elval 1 yvnoiog avgovaca,
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4. M(x(t),y(t)) = () =x>()+1

x(t,) =3

¥(t;) =10
x(1y) =2

14

1C

M(-"(U:.Q’
e

©

‘::/

I

PIZal] SR

E(r) = %x(z)y(r

BT
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OEMA A
Al. f(x):(x—l)-ln(xZ—2x+2)+ax+/3

g1y=—x+2
fHh=lea+p=1 @
fy=-1 ;

2x -2

(@) =In(x’ -2x+2)+(x-)5———+a
x°=2x+2
f=-1ela=-1] &

A2 f(x)z(x—l)-lﬂ(xz—2x+2)—x+2 H f ocvve apa kot 010 [1,2]
E=[|e-Din(x’ ~2x+2)4 47 45 4| dx
2 2
=j1 \(x—l)ln(x2—2x+2)\dx=jl\(x—l1 20 +1+1)|dx
= [ -Dinfx-1? + 1] dv
o k60e x e[1,2]etvon (x—1)=0 )* +1] =0.
‘Eoto u=x>-2x+2 < du=(
du=2(x—1)dxc>%du=(x

Tuwx=1=u =1
Tux=2=u =2

\ 2
A3. . Q@x)zln[(x—l)2+l}+@—l, xeR
(x—l) +1
Vi Yo kbe x € R, 1oy0et
2 2(x-1)° , o :
x—1) + }+—22 0. H woémrta wyver povo v x =1, emopévag

(x—1)" +1

)y 4]

( 1
( 1 +2(x—_1)2—12—1<:>f'(x)2—1, VxeR.

In| (x—=1) +
Q [ (x—1)2+1
ii. Eivmiyw e R, f(/1+%)+22(2—1)1n(12 _2/1+2)+%<:>

1 1
<:>f(/1+§j2(i—l)ln(/12—2/1+2)—/1+2—§<:>
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jf(,“_%jzf(;t)—% (1) . Apkei emopévag va deryBein (1).

OewpdVTOS TN CLVAPTNOT f 6TO O1AGTNLO [ﬂ,}t+%} KAVOTTOL0VVTAL boféoelg tov

Osopnuatoc Méong Tyung, emopévec vdpyet Eva TOVAAYIGTOV g@
1
f(/1+j—f(ﬂ) gg
) va f!

(&)= 2 . Opwg and A3 (i) £)y>-1.

s

1
f4 )= 1) |

Apa ] >-1< f(4 +j@>2. Amodeiybnke n (1) xon

2
1G0OVVOLLLL 1) OLPYLKT.

Ad4. H g elvar mapayoyioyn oto R =-3x

Ot ypagkég Tapactdoseig Tov f kol g € EQOTOLEVY], AV KOl LOVOV VTLAPYOVV
onueio A(Xx1,f(x1)) kot B(x2, g(x2)), @ omriZ; 1 gvBeieg:
y= fe)x—x)+f(x) < y=
y= g ()(x-x)+g(x,) S y=¢

"o va tavtiCovtot o1 Vo a

(Na &xovv icovg cuvtehe

Eivon opoc:
o fl(x)=2=L"x Kol M wdmta woyvel yu x; = 1 (awd A3.i.)
o g'(x,) %e R ka1 n w6otta woyvet yio x; =0

a k6Oe (evyog (x,,X,), pe mv wootnra f'(x,) = g'(x,) va 1o)det
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ENAAAAKTIKOI TPOIIOI AYXHX XE EIIIMEPOYX EPQTHMATA:

I'3. i. H f elvan yvnoing avEovoa ota dactipata (—o, 1] kot [1, +o) dpa:

S0, 1]) = (lim 7(x), (D] = (=e0,2].

A0 = (F(1). lim f(x)]=[2.+0). <::>
Ao 100 EMPUEPOVC GUVOLD TIUMOV TPOKVTTEL OTL LIAPYEL Xo dotpo (—o, 1] dote
Sf(x0)=0. &

Ioodvvapo e + x=0. Anhadn xo= - &' <0.

A3. i. YrnoloyiCovtag tn 0e0tep™ TOPAy@YO TG f éxo@
2(x-1)(x* =2x+4) 2(x-1)(x* -2x+1%3 ~D[(x-1)>+3
P26 DE 2008 26D 2 kD SNG4

(x*—=2x+2) (x*—2x+1 [(x—1)"+1]

[Ipogavdg eival f ! (x) > 0 10 kG40e x € (—o0, 1) Ko / <0 y1o k@0e x € (1,+00) pe v 16610
va wydel o x = 1.
Apanf " eivan yvnoiong ebivovca 6to (—yvncico Wﬁ Go. 670 [1, +0).
Katd cvuvénsia n f / ToPoVCLAet skd)o% d) Yivxp = 1, omote f () > f "(1)=-1.
.. . ] ] 1 1
A3. ii. H mpog amdde1En avicmon16oduvapel pe + > 1 (4) -3 1.
@

H (1) ypdopetor 1coddvapa j+ A+ +As g(h +%) >g(A) (2).

omov g(x) = f(x) + x.
Opmg y1o kabe x € ( +o0) gtv Xy = f'(x)+1>0.

Apan g elval W& voa 610 R omdte 1 (2) 1oodvvapa ypaestor A +% > A mov 1oyVEL.

&
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